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Abstract

Various forms of constitutive laws have been developed for use in the finite element analysis of sintering deformation. Some of these were based on
micromechanical models and others were based on empirical fitting of experimental data. The mechanism-based constitutive laws differ from each
other widely and it can be difficult to know which one to use. On the other hand, obtaining fitting functions for an empirical constitutive law is very
time consuming. In this paper, an empirical finite element method is presented which does not require a constitutive law; rather the densification
data (density as a function of time) is used to predict sintering deformation. The densification data can be obtained by sintering a relatively small
number of samples of the powder or derived from the master sintering curve. Different sintering mechanisms and non-linearity pose no difficulty
to the method. The method is, however, limited to pressureless sintering. To verify the densification-based finite element method, three case studies
are presented. The numerical predictions were compared with experimental measurement for two different cases. It is shown that the accuracy of

the prediction is well within the experimental uncertainties and comparable to previous finite element analyses using full constitutive laws.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Most of ceramic products are made by sintering, a process in
which compacts of fine powder are fired and consolidated. To
achieve full density the products often experience large shrink-
ages, typically of the order of 20-30%, during the firing process.
Dimensional control is therefore a critical issue in sintering tech-
nology because post-processing is expensive and can introduce
damage. The large shrinkage also leads to residual stresses in
an anisotropic system, e.g. multilayer and functionally graded
materials. The temporal evolution of shape, density profile and
residual stresses during sintering can be predicted using the clas-
sical finite element method. The key input in a finite element
analysis is the constitutive law which links strain rates with
stresses. Reviews of the constitutive laws and finite element anal-
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ysis of sintering have been provided by Cocks,! Olevsky? and
Pan.’?

Two approaches have been adopted to establish the constitu-
tive laws. The first approach is to use micromechanical models
in which a controlling sintering mechanism is assumed (for
example, grain-boundary diffusion,* viscous flow? or liquid
phase sintering’-®) and a simplification to the microstructure is
made (densely packed uniform spherical particles* or a three-
dimensional array of tetrakaidecahedra grains,>® for example).
Matter redistribution during sintering is typically realised by
diffusion processes, which are very sensitive to the chemical
composition and the shortest diffusion distance available. A
small variation in the chemical impurity can change the diffu-
sion coefficient by several orders of magnitude. Microstructral
features such as particle agglomeration, large pores and particle
size distribution always exist in a powder compact. However, the
current generation of constitutive laws does not take the chemi-
cal effect into account because of the uncertainty in knowing the
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exact chemical composition and homogeneity. The substructures
in a powder compact are also ignored because of the mathe-
matical difficulty in obtaining an analytical solution for such
a microstructure. Consequently the mechanism-based constitu-
tive laws differ from each other widely, each depending on its
assumed sintering mechanism and microstructure.” It is often
difficult to know which mechanism-based constitutive law to
choose in a sintering analysis. The second approach to establish a
constitutive law is to fit the experimental data directly. The work
by Bouvard and his co-workers'%12 provides a recent example.
This is however an expensive and time consuming exercise; in
the experiment a force has to be applied to the sample at the
sintering temperature. Furthermore, in order to determine the
parameters in a grain growth law, a series of interrupted sinter-
ing tests need to be performed and the grain-size of each sample
determined which is yet another expensive and time consuming
exercise. These difficulties have severely limited industry from
using the finite element analysis in developing sintered products.

Several researchers have attempted to predict sintering defor-
mation using fewer data than a full constitutive law. Tsvelikh
et al.!3 suggested an empirical finite element analysis. Ozkan
and Briscoe!*! integrated the densification rate equation for a
cylinder in which there was a density distribution. DiAntonio
et al.'® used data from master sintering curves and compatibil-
ity conditions for a multilayer system. Whilst, there is a lack
of theoretical grounding in these previous efforts and conse-
quently the numerical schemes are arbitrary, this body of work
was the inspiration behind the current paper. Here, a finite ele-
ment scheme is presented that requires only the densification
data (density as a function of time) to predict the temporal evo-
lution of sintering deformation. In the terminology of continuum
solid mechanics, the proposed finite element method satisfies the
compatibility, equilibrium conditions and partially the constitu-
tive law. From the point of view of a user of a commercial finite
element package, the method requires a unity material matrix
and a user-defined force matrix into which the densification data
is input. The actual sintering mechanisms and any non-linearity
in the constitutive law are irrelevant to the method. However, the
method is only valid for pressureless sintering. In the following
discussions, the method is referred to as the densification-based
finite element method (DFEM). Three case studies are presented
in order to verify the DFEM.

2. Formulation of densification-based finite element
method

In the finite element model for sintering the elastic defor-
mation is assumed to be small and thus it is ignored, and the
porous material is treated as a viscous continuum solid. Using
the direct Euler scheme for time integration, at each time-step
the velocity field of a sintering body is obtained in its current
configuration and then the nodal coordinates of the finite ele-
ment mesh are updated. The correct velocity field must satisfy
four conditions: (a) compatibility, (b) equilibrium, (c) boundary
conditions and (d) constitutive law. The aim here is to develop an
approximate finite element method for which only the densifi-
cation data are available. In a general problem of stress analysis

this is not possible; a full constitutive law is always needed or
the finite element analysis is not possible. In the special case
of pressureless sintering, it will be shown that a solution that
satisfies conditions (a—c) and partially (d) provides a very good
approximation to the exact solution which satisfies all the four
conditions. The densification-based finite element method can
be formulated from two different angles: (a) using the virtual
power principle or (b) using the weighted residual error method.

2.1. DFEM based on the virtual power principle

In a finite element formulation using the velocity field as
its basic variable, the compatibility condition is guaranteed by
representing the velocity field using appropriate shape functions
and by calculating the strain rates from the velocity field using
the relationship

by = x| O ()
Y2 laxy o o)

in which &;; represents the strain rate tensor, #; the velocity
field and x; is the Lagrange coordinate. The velocity boundary
conditions are satisfied by setting the nodal velocities on the
boundary to their prescribed values. The equilibrium condition
is equivalent to the principle of virtual power, which states that

/ 0ij 88;;dV =0, 2)
\4

in which o; represents the stress tensor and &2;; represents the
virtual variation of the strain rates which must satisfy the com-
patibility and the velocity boundary conditions. The integration
is over the entire sintering body.

Although the DFEM is not limited to linear constitutive laws,
it is easier to follow the assumptions made by demonstrating it
using a linear constitutive law:

_ Sij O'im i Oy

2ns  3ns
in which o, represents the mean stress, o the sintering potential,
ns the shear viscosity, ng the bulk viscosity, §;; the Kronecker
delta function and s; is the devitoric stress tensor which is
defined as

8ij, 3

€ij T s

Sij = Cfij — Um(sijo (4)

It can be seen that the strain rates given by Eq. (3) contain
three terms. The first term represents the shear deformation, the
second term represents the volume change resulting from the
mean stress and the third term represents the volume change
due to the sintering potential. A sintering body of any shape
made of uniform material deforms by the third term alone if the
body is unconstrained and no external force is applied. In the
following discussion, the third term is referred to as:

o D s
358 3D’ )
in which D represents the relative density. &cx, can be obtained
from free sintering experiment using uniform samples or derived
from a master sintering curve.!’

éexp = -
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To avoid using the full constitutive law, the second term is
dropped from Eq. (3), i.e. it is assumed that o, is much smaller
than o such that the volume change is due to the sintering poten-
tial alone. The constitutive law then becomes

_ Sy

&ij = s + &expdij- (6)

Using Eq. (6) in Eq. (2) and noticing that o, =0 gives
/ ns(éij — &expdij) 8 dV = 0. 7
14

The conditions for Eq. (7) to be valid can be further under-
stood by examining the extract virtual power principle. Eq. (3)
can be rewritten as

oij = Méwkdij + 2nséij — 0sdij, 8)

in which A =(ng — 2ns)/3, which is known as Lame constant.
Substituting Eq. (8) into Eq. (2) gives

/ 2ns(&ij — Eexpdij) 88 dV + / Aérk — Béexp) 88 dV = 0.
\4 \4
)

The validity of Eq. (7) is therefore subject to the condition
that the second term in Eq. (9) vanishes independently. For early
stage sintering, the viscous Poisson’s ratio is almost zero leading
to A~ 0. This is not true for later stage of sintering. A strong
condition for Eq. (7) to be valid is that &g A 3&exp, i.€. the vol-
umetric strain rate is not affected by the local state and always
takes the value of 3éexp as if the material is freely sintered. In
fact this condition only needs to be satisfied in the sense of inte-
gration.

The shear viscosity ns can be eliminated from Eq. (7) by
assuming that the shear viscosity is uniform within a powder
compact, then the virtual power principle can be written as

/(é‘,’j — &expdij) 0¢;;dV = 0. (10)
Vv

Eq. (10) is the basis for the densification-based finite element
method. The only experimental data required by Eq. (10) is éexp
as defined by Eq. (5). The assumption of a uniform ng makes the
DFEM an empirical method as ns depends on relative density
and grain-size and is not exactly uniform if either the density or
grain-size varies from location to location in a sintering compo-
nent.

Following the standard finite element procedure,'® the veloc-
ity field i; is approximated using a set of finite element shape
functions and the strain rates ¢;; are calculated using Eq. (1).
Writing the results in the matrix form, gives

(¢l = [Bl[ule (1)

in which e indicates that the matrixes are defined for the eth
element, [B] a matrix of known functions of location calculated
from the shape functions and [i], represents the vector of nodal
velocities for the eth element. Substituting expression (11) into

(10) gives

> slall (K] lil, — [Fl} =0 (12)

elements

in which

K], = /V [(B"[B]dV (13)

and "'

[Fl, = / (B ey foxp Eop O O O]dV (14)
For Eq.e(12) to be true for any arbitrary 8[it], we must have
> KLl - [Fl} =0 (15)

elements

Eq. (15) represents a set of linear simultaneous equations in
terms of the nodal velocities, which can be solved using a stan-
dard solver. It is useful to recognise that the elemental viscosity
matrix defined by Eq. (13) is equivalent to simply setting the
material matrix in the usual finite element analysis as a unit
matrix.

2.2. DFEM based on the weighted residual error method

The DFEM is not limited to the linear constitutive law. In
a free sintering of a uniform and unconstrained component (of
any complicated shape), the strain rates everywhere in the com-
ponent are given exactly by

&ij = Eexplij.- (16)

If a component is non-uniform or constrained, the material
element will still attempt to deform by Eq. (16). Following the
classical weighted residual error method, the tendency for the
material to reach the target strain rates can be expressed as

/(éij — Eexpdij) Wij dv =0 (17)
\%4

in which the integration is over the entire volume of the sinter-
ing body and wy;; is a set of weight functions. Eq. (17) can be
immediately reduced to Eq. (10) by choosing w;; = §¢;;. This
empirical statement of Eq. (17) does not rely on a linear consti-
tutive law.

3. Case studies of DFEM

The DFEM proposed in this paper is an empirical method.
Its validity can only be established using case studies. In this
section, three cases studies are presented.

3.1. Case study A: dumb-bell shaped compact of alumina
powder

This is a conceptional case study, instead of an experimental
one, using a dumb-bell shaped compact of alumina powder as
shown in Fig. 1. To create an extreme case of non-uniform sin-
tering, an initial relative density of D =0.4 is assigned to the top
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Fig. 1. The initial profile of an alumina powder compact used in case study A.

and the bottom parts of the component and D =0.7 to the middle
partasindicated in Fig. 2. The finite element mesh on the vertical
cross-section of the component is shown in Fig. 2. Twenty-noded
iso-parametric elements were used for a quarter of the compo-
nent. Symmetric velocity boundary conditions were applied on
the exposed internal boundaries. Only isothermal heating condi-
tion is considered. The problem is firstly solved using the usual
finite element method and a full constitutive law described by
Du and Cocks, ! which is give by

, 20 (do\> [3
8,-,:2(;) [2C(D)sij+3f(D)(Um_Us)5ij , (18)

in which dy and d represent the initial and current grain-size,
respectively, and ¢ and f are the functions of the current and

Green body
Dy=0.4
D0=0.7
Dy=0.4
Material: Alumina
Sintering temp: 1480 °C

Initial grain size: 0.3 microm

Fig. 2. The initial density distribution and finite element mesh shown on the
cross-section of half the dumb-bell specimen.

Sintered body

0.77<D<0.85

0.88<D<0.999

t=17 min

DFEM
Full constitutive law
Green body

Fig. 3. Comparison of final shapes of the sintered dumb-bell specimen predicted
by the finite element analysis using a full constitutive law (thin solid line) and the
DFEM (dashed line), respectively. The outer solid line shows the initial shape
of the green specimen.

initial relative density. Their detailed expressions were given in
ref. 19. This constitutive law was intended for solid state sin-
tering controlled by grain boundary diffusion. Du and Cocks'®
used 09 =3.33 MPa, &g = 4.53 x 10~*s~! and og=1MPa for
a submicron alumina powder. These data were used in the cur-
rent case study. Grain growth was not considered and the initial
grain-size was set as dy =0.3 wm. The same problem was then
solved using the DFEM with the é.x, calculated from Eq. (18)
as

. qb0 (do }
eexp—_gm)(d) f(D)os (19)

Fig. 3 compares the deformed shapes of the component
obtained using the full constitutive law (solid line) and the
DFEM (dashed lines) at t=1000s. The outer frame shown in
the figure is the initial shape of the component. The component
has been distorted severely showing that a large shear deforma-
tion as well as volume change has occurred. Yet there is only a
small difference between the two results. A re-run of the case
study considering grain growth showed the same accuracy of the
DFEM.

3.2. Case study B: comparison with an experiment by Kim
etall!

In a case study to compare finite element analysis with direct
experimental measurement, Kim et al.'! compacted and sin-
tered a complex shaped specimen of an alumina powder. Fig. 4
shows a quarter of their specimen with the finite element mesh
used in the DFEM analysis. Kim et al.!! determined the den-
sity distribution in the specimen after compaction by measuring
Vickers hardness and the final geometry of the sintered spec-
imen. They then carried out a finite element analysis for both
the compaction and sintering processes. An empirical consti-
tutive law was obtained using an experimental technique that
the group had developed.”"'? Fig. 5 reproduces their compari-
son of the sintered geometry predicted from the finite element
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Fig. 4. The finite element mesh used in the DFEM analysis for case study B,
which was analysed numerically and experimentally by Kim et al.'!

method with the experimental measurement. This is a very
careful study and the comparison perhaps represents the state-
of-the-art of the current generation of finite element analysis for
sintering.

In the current work, the sintering process was re-analysed
using the DFEM and the densification data instead of the full
constitutive law. The densification data of three different initial
densities, Do =0.53,0.59 and 0.67, obtained by Kim et al.!! were
fitted using the quadratic shape functions'” which are shown
in Fig. 6. Linear interpolation and extrapolation were made to
obtain densification curves for initial densities other than these
three values. Twenty-noded iso-parametric elements were used.
Only a quarter of the specimen was analysed due to the symme-
try. Fig. 7 shows the comparison between the DFEM prediction
and the experimental measurement. By comparing Figs. 5 and 7,
it can be seen that the accuracy of the DFEM is comparable
to that of the finite element analysis using a full constitutive
law.
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Fig. 5. Comparison of the final shapes of the sintered specimen obtained from
the finite element model (dashed line) and experiment (thin solid line) by Kim et
al."! The thick solid line shows the initial profile of the specimen. Reproduced
from ref. 11.
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Fig. 6. Relative density as a function of time for three different initial densities
obtained by Kimetal.!! The data were fitted here using shape functions described
in ref. 17 (solid lines) which were used in the current DFEM analysis.

3.3. Case study C: comparison with experiment using a mix
of mineral raw materials

The dominating sintering mechanism for the two previous
cases is solid state sintering controlled by grain boundary diffu-
sion. To demonstrate the general applicability of the DFEM, a
sintering experiment was performed at ENSCI using a ceramic
body composition similar to porcelain, which is a mixture
of kaolinitic clay, feldspar and quartz. During heating above
500°C, the clay undergoes progressive phase transformations
and at temperatures above about 1050 °C, incongruent melting
of feldspar occurs. The sintering mechanism of the compact is
complex, being dominated by the quantity and characteristics of
the liquid phase.

A curved disc shaped specimen, as shown in Fig. 8, was
shaped by uniaxial pressing in a metallic mould. Homogeneity
and absence of flaws in the powder compact were ensured by
a preliminary granulation operation and by optimisation of the
pressing procedures. The compaction stress is different in dif-
ferent parts of the disc, leading to a density distribution within
the compact. Local densities were determined from indentation
sizes, using a specific indentation method at controlled rate and

I 1 I 1 I 1 I 1

10 | -
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Fig. 7. Comparison of the final shapes of the sintered specimen obtained from
the DFEM model (dashed line) in this work and experiment (thin solid line) of
Kim et al.'' The thick solid line shows the initial profile of the specimen.
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Fig. 8. The finite element mesh and initial density distribution for case study C.

load, and comparison with reference materials. In the DFEM it
was assumed that the specimen had only three distinct initial
densities as shown in Fig. 8. Using uniform samples of the three
different initial densities, densification curves were obtained,
as shown in Fig. 9. The measurements were carried out using
dilatometry (Misura, Expert System Solution), with the same
heating rate and time as for the sintered sample. The disc speci-
men was then sintered using a heating schedule of 7 °C min~! up
to 1250 °C then a cooling rate of 10°C min~! to room temper-
ature. The final dimensions of the sintered disc were measured
using a coordinate measuring system for three-dimensional mea-
surements. The experimental accuracy of this measurement is
1%.

Figs. 10 and 11 compare the DFEM prediction with the
experimental measurement for the final geometry of the disc
specimen. The percentage errors of the dimensions at various
locations are also shown in Fig. 11. Fig. 12 shows comparison
between DFEM simulation and experimental result. It can be
seen that the accuracy of the DFEM is quite acceptable, despite
the uncertainties in input data in terms of the initial density dis-

1.

o
©
)

Relative density

Relative density
(=]
[e2]

—— D=0.62
—x— D=0.65
—=— D=0.68
0.7 1
0.6 T T T )
0 5000 10000 15000 20000

Time (second)

13.38
0 ~—
© © < S ot 2
Q 3 ! S ™ < <
< ™ < ™ ~
© o) 1) ® © o
o o S — -~ =24
o IS) o o =} S
13.41

Fig. 10. Dimensions of the final shape of the saucer specimen in case study C
as determined experimentally.
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Fig. 11. Dimensions of the final shape of the saucer specimen in case study C
predicted by the DFEM model. The percentage values in the brackets represent
percentage errors compared with the experimental measurement as shown in
Fig. 10.

Fig. 12. Comparison of the final shapes of the sintered saucer specimen obtained
from the DFEM model (dashed line) and experiment (thin solid line). The outer
solid line shows the initial shape of the green specimen.

Fig. 9. Relative density as a function of time for the three different initial den-
sities for case study C. These data were used in the DFEM analysis.
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tribution and the complex phenomena involved in the sintering
process.

4. Concluding remarks

The finite element technique is a powerful tool to accelerate
the research and developed of sintered components. However,
in a practical design cycle, it may be unrealistic to calibrate
all the parameters in a constitutive law in order to carry out a
full finite element analysis. For such problems the densification-
based finite element method provides a cost-effective alternative
for a proof of concept analysis. The method is not limited to any
particular sintering mechanism and only requires densification
data as its material input. The accuracy of the DFEM is compa-
rable to the best that a full finite element analysis can currently
achieve.
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